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Abstract
This paper presents an experimental investigation into mode-transitions observed in a 50-kW,
atmospheric pressure, backward-facing step combustor burning lean premixed C3H8/H2 fuel
mixtures over a range of equivalence ratios, fuel compositions and preheat temperatures.
The combustor exhibits distinct acoustic response and dynamic flame shape (collectively
referred to as “dynamic modes”) depending on the operating conditions. We simultaneously
measure the dynamic pressure and flame chemiluminescence to examine the phase between
pressure (p′) and heat release fluctuations (q′) in the observed dynamic modes. Results show
that the heat release is in phase with the pressure oscillations (θqp ≈ 0) at the onset of a
dynamic mode, while as the operating conditions change within the mode, the phase grows
until it reaches a critical value θqp = θc, at which the combustor switches to another dynamic
mode. According to the classical Rayleigh criterion, this critical phase (θc) should be pi/2,
whereas our data show that the transition occurs well below this value. A linear acoustic
energy balance shows that this critical phase marks the point where acoustic losses across
the system boundaries equal the energy addition from the combustion process to the acoustic
field. Based on the extended Rayleigh criterion in which the acoustic energy fluxes through
the system boundaries as well as the typical Rayleigh source term (p′q′) are included, we
derive an extended Rayleigh index defined as Re = θqp/θc, which varies between 0 and 1.
∗Corresponding author. 77 Massachusetts Avenue, Room 3-344, Cambridge MA 02139, USA. Fax: +1-
617-253-5981. E-mail: ghoniem@mit.edu
Preprint submitted to Combustion and Flame June 27, 2013
This index, plotted against a density-weighted strained consumption speed, indicates that the
impact of the operating parameters on the dynamic mode selection of the combustor collapses
onto a family of curves, which quantify the state of the combustor within a dynamic mode.
At Re = 0, the combustor enters a mode, and switches to another as Re approaches 1. The
results provide a metric for quantifying the instability margins of fuel-flexible combustors
operating at a wide range of conditions.
Keywords: Phase between pressure and heat release, Mode transitions, Rayleigh’s
criterion, Strained consumption speed, Flame-vortex interactions, Combustion dynamics
1. Introduction
1.1. Technological interest
This study is motivated by the desire to understand the instability characteristics of
combustors burning hydrogen-enriched fuels. Hydrogen rich fuel mixtures power turbines in
a variety of applications, e.g., IGCC plants, landfill burners, refinery waste burners, among
others. A key feature of these combustors is the variability of the hydrogen concentration in
the fuel feed, depending on the source (e.g., in coal gasification) or process conditions (e.g.,
waste gas used in fuel processing or upgrading). Recently, there has been growing interest
in designing combustors for carbon capture applications. One way of achieving this is via
pre-combustion capture [1, 2], where most of the carbon (dioxide) is captured prior to the
combustion process itself, resulting in a fuel that is hydrogen rich.
Historically, continuous combustion systems of every classification − from solid rocket
motors down to domestic water boilers − have been susceptible to thermoacoustic instabili-
ties [3], where the system exhibits significant pressure and flow oscillations as a result of the
resonant feedback interactions between the driving heat release mechanisms and the acoustic
environment. These large amplitude oscillations are problematic, as they not only result in
structural damage and thermal fatigue, but can also lead to localized effects such as flame
extinction and flashback. The mechanisms that promote the unsteady coupling processes
are described in several review articles (see [4] for example).
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In this study, we examine dynamic characteristics of flame-vortex driven combustion in-
stabilities, which are among the most significant instability mechanisms in large-scale gas
turbine combustors [5]. In particular, we aim at predicting dynamic mode transitions where
the flame configurations (its shape and dynamics) change along with the oscillation fre-
quencies and limit cycle amplitudes across critical values of operating conditions and fuel
parameters. There have been a number of studies addressing various aspects of this issue.
Kim et al. [6] conducted experiments burning CH4/H2 mixtures in an unstable, variable-
length, swirl-stabilized combustor. They measured the flame transfer function, which was
used as an input to a lumped acoustic model, to predict instability boundaries as measured
by the dominant frequency. Noiray et al. [7] demonstrated that flame describing functions
(transfer functions with an amplitude dependence) can be used to predict the limit cycles
towards which a combustor settles. Poinsot et al. [8] used the Rayleigh criterion to perform
a characteristic-times analysis, formulating a relationship between the convective times and
acoustic times, which was used to collapse instability data. Our prior studies [9, 10] demon-
strated that a strained consumption speed can collapse mode transitions as quantified by
the limit cycle amplitudes and dominant frequencies, observed in two different combustor
geometries − a two-dimensional backward-facing step and an axisymmetric swirling − for
both C3H8/H2 and CO/H2 fuel mixtures over a wide range of operating conditions.
The present study is an extension of previous work [9, 10], in which we investigate the
mechanism underlying the successful correlations between the mode transitions and flame
speed parameters. In the previous studies, dynamic operating modes of the combustor have
been characterized based on the limit cycle amplitudes and frequencies along with distinct
flame dynamics, which provide a binary classification of the modes. In order to predict when
the instability or transitions between modes will occur, one needs to quantify the stability
margin or the boundary between dynamic modes.1 To this end, in this study, we examine the
phase between pressure and heat release rate while the combustion dynamics are observed,
which essentially reflects the extent of coupling between the two quantities, i.e., driving
1The phrase ‘dynamic mode’ will be defined more precisely in Section 3.1 in relation to the data presented.
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source of the instabilities, within a dynamic mode.
1.2. Rayleigh’s criterion
The phase between heat release and pressure was identified as a possible determinant
of unstable burning by Rayleigh [11, 12] who observed that “If heat be given to air at the
moment of greatest condensation, or be taken from it at the moment of greatest rarefaction,
the vibration is encouraged.” This statement was not accompanied by a mathematical ex-
pression. The oft-cited mathematical form of the ‘Rayleigh criterion’ was a formulation by
Putnam and Denis [13] who proposed that thermally-supported driving will occur if
∫
cycle
q′p′dt > 0. (1)
Based on the integral shown in Eq. (1), and expressing the fluctuating quantities as
harmonic functions as p′(t) = pˆ cos(ωt) and q′(t) = qˆ cos(ωt+ θpq), the stability criterion can
be reduced to:
− pi/2 < θpq < pi/2. (2)
In the time domain, this can alternatively be expressed as:
− T/4 < τpq < T/4 (3)
where T is the time period of the oscillation, and θpq = ωτpq. Equations (2) and (3) form
the basis of the characteristic-times analysis and have been applied to formulate instability
prediction criteria.
While the Rayleigh criterion is one of many frameworks used in assessing a combustor
stability, its application is limited by the fact that it provides a necessary condition, not
a sufficient one, for the occurrence of an instability. Following the analysis presented by
Chu [14], a number of studies [15, 16] derived more general forms of the Rayleigh criterion
from the energy conservation equation, by subjecting it to a perturbation analysis, which
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are generically encapsulated as:2
∂E
∂t
= S −D −∇ · (p′u′) (4)
where E is the total disturbance energy in the system, S and D are the source and dissipation
of the energy, respectively. The last term represents the flux of acoustic power, where p′ and
u′ denote pressure and flow velocity fluctuations, respectively. The total energy density in
the system E and the energy source term S take the following forms, if one neglects the
effect of mean flow [14, 16]:
E =
1
2
ρu′2 +
1
2
p′2
ρc2
+
1
2
p
Rcp
s′2 (5)
S =
γ − 1
γp
p′q′ +
1
cp
s′q′ (6)
where, ρ, u, p and s are the density, velocity, pressure and entropy of the gas, respectively. q is
the rate of heat release per unit volume. γ is the specific heat ratio defined as cp/cv, where cp
and cv are the specific heat capacities at constant pressure and volume, respectively. R is gas
constant and c is speed of sound. The overbar denotes the mean values, and the superscript
prime (′) denotes the fluctuation terms. The first term on the right-hand side of Eq. (5)
represents the kinetic energy of the flow disturbance, while the second and third terms
represent the potential energy associated with the pressure fluctuations and the “entropy
spottiness” resulting from heat exchange, respectively. The first term on the right-hand side
of Eq. (6) indicates the typical source term in the Rayleigh criterion (p′q′), whereas the
second term accounts for sound generation due to non-uniform entropy spottiness. Other
definitions of Eq. (4) and their applicability are discussed in detail by George and Sujith
[17].
As will be discussed in Section 3.3.2, the dynamic modes excited in the combustor con-
figuration considered in this study are purely acoustic, and therefore, we neglect the entropy
2We consider a one-dimensional form here for simplicity.
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fluctuation terms in Eqs. (5) and (6).3 Further, neglecting dissipative terms that are usually
higher order, the energy balance for acoustic disturbances reduces to:
∂E
∂t
=
γ − 1
γp
p′q′ −∇ · (p′u′). (7)
Written this way and integrated over a control volume that contains the flames, it is easily
seen that energy in a control volume will grow unbounded (in the linear sense) only when the
classical Rayleigh term is greater than the acoustic radiation flux across the boundaries. One-
dimensional acoustic models typically assume that the flux through the system boundaries is
zero, for both unchoked pipe exit, i.e., an open end, modeled as p′ = 0, and choked exit, i.e.,
modeled as u′ = 0. In this study, we propose that while the acoustic energy flux through the
boundaries is small, it is non-negligible and thereby satisfies an extended Rayleigh criterion
(Eq. 7), as discussed below.
1.3. Stability prediction using the extended Rayleigh criterion
We use Eq. (7) to quantify the stability margin near mode transitions observed in the
experiments over a range of operating conditions. In order to estimate each term on the
right-hand side of Eq. (7), one needs to know the pressure distributions in the combustor,
i.e., the pressure mode shape, the unsteady heat release (q′) and the velocity fluctuation
(u′) at the boundaries. While large eddy simulations (LES) may provide all the necessary
quantities, they require accurate combustion models that capture combustion dynamics,
and the unsteady numerical calculations must first be validated. A computational domain
encompassing the entire combustor geometry, e.g., from inlet to outlet boundaries, can also
lead to high computational cost.
In the present work, we use experimental data and an acoustics model to quantify the
3Entropy disturbances generated by unsteady heat release from the flame may generate sound, contribut-
ing to acoustic oscillations if the flow is accelerated downstream the flame, e.g., by passing through a choked
nozzle [18, 19]. In the experimental setup considered in this study, the mean flow Mach number is very small
(< 0.03) and the cross-sectional area of the combustor duct near the exit remains constant. Thus, as the
exhaust exits to a trench of large volume, the entropy fluctuations simply advect out of the system.
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terms on the right-hand side of Eq. (7). The equation is first modified into a form in which
all parameter values can be obtained by either measurements or the acoustic model. This is
discussed in detail in Section 3.4.
In Section 3.3, we follow a standard approach for modeling the longitudinal acoustics in
the combustor, as summarized below. The objective of the acoustic modeling is twofold: (1)
to examine the correspondence between the observed instabilities and the acoustic modes;
(2) to estimate the acoustic flux term in Eq. (7) for given boundary conditions (e.g., acoustic
impedance and transmission coefficient). The predicted unstable frequencies and pressure
mode shapes are compared with those measured in the experiments.
Here, we summarize an acoustic framework, which forms a basis for Section 3.3. This
framework is a common reduced order approach for carrying out combustion instability
analysis, in which the combustor is modeled as a series of lumped-elements with known wave
distributions (e.g., planar, transverse, azimuthal, etc). For one-dimensional planar waves,
for example, this would be p′(x, t)u′(x, t)
 =
pˆ(x)uˆ(x)
 e−jωt. (8)
Boundary and matching conditions are used to match pressure and velocity across geomet-
rical changes, which are then solved for the natural frequency of the system, ω. The most
difficult to determine in this analysis is the flame transfer function, which models the flame
response to either acoustic pressure or velocity fluctuations, i.e., how p′ or u′ jumps across
the flame. The transfer function can either be analytically derived [20], modeled [21, 22] or
measured [6, 7, 23], which is then applied towards stability prediction using linear or non-
linear methods, leading to the complex natural frequency, i.e., ω = ωr + jωi. The real part
(ωr) predicts the oscillation frequency, while the imaginary part (ωi) indicates the growth
rate. A configuration is then asserted to be unstable if ωi > 0. This framework can be used
for identifying the acoustic modes that may couple with the unsteady heat release, leading
to combustion instabilities. Moreover, along with a model for the nonlinear flame response,
e.g., flame describing functions analysis, this framework may be used to predict the onset of
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limit cycle oscillations or mode-transitions [7, 24]. However, such analysis requires extensive
measurements of the flame describing function, i.e., a set of flame transfer functions at differ-
ent acoustic perturbation amplitudes. A significant part of the relevant literature published
so far applies this framework to a fixed operating condition, e.g., a given equivalence ratio
or fuel mixture. Predicting the combustor stability for various mixtures, fuel compositions
or inlet conditions has not been widely reported.
The objective of this study is to develop a predictive tool that encapsulates the impact
of the operating conditions and fuel parameters on the onset of dynamics or the transition
between dynamic modes. For example, if a combustor is unstable while burning a C3H8/air
mixture at a given set of conditions, we are interested in how the system stability would
change, i.e., what determines the occurrence of the instability, when we add hydrogen to
the fuel mixture or preheat the inlet flow. The same question can be applied to the cases
where we switch to a syngas (CO/H2)/air mixture or a CH4/O2/CO2 mixture in the same
combustor.
To quantify the impact of the operating conditions and fuel parameters on the stability
characteristics, we examine the dependence of the dynamic pressure and unsteady heat
release as well as their phase relationship on the inlet temperatures and fuel compositions at
equivalence ratios between lean blow-off limit and near stoichiometry while burning premixed
propane/hydrogen/air flames in a backward-facing step combustor. We show that a large
subset of the phase data obtained over a range of operating conditions can be correlated
with a strained consumption speed parameter, which suggest the importance of the coupling
with the chemical kinetics and diffusive transport across the flames. We propose that the
phase between the dynamic pressure and the unsteady heat release, along with the acoustic
energy balance (Eq. 7), can be used to define the stability margin or the boundary between
different modes, thereby quantifying the state of the combustor within a dynamic mode.
1.4. Organization of the paper
The rest of the article is structured as follows. Section 2 describes the combustor and
diagnostics setup as well as the experimental conditions. In Section 3, we first present the
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experimental data, which characterize the combustor stability, followed by the acoustic mod-
eling and stability analysis. The pressure and heat release rate measurements are presented
in Sections 3.1 and 3.2, respectively, where the amplitudes, frequencies and the phase be-
tween the two fluctuations are examined. The dependence of the phase on the operating
parameters is discussed in the context of a flame speed parameter. Sections 3.3 and 3.4
discuss the acoustic analysis and the application of the extended Rayleigh criterion to the
combustor dynamics data, respectively. The paper ends with concluding remarks in Section
4.
2. Experimental Setup
2.1. Combustor and diagnostics
Figure 1 shows a diagram of the backward-facing step combustor. The combustor consists
of a rectangular stainless steel duct with a cross section 40 mm high and 160 mm wide. The
air inlet is choked. At a location 0.45 m downstream from the choke plate, a 0.15 m long
ramp reduces the channel height from 40 mm to 20 mm, followed by a 0.4 m long constant
area section that ends with a sudden expansion back to 40 mm. The step height is 20 mm.
The overall length of the combustor is 5 m. A circular exhaust pipe comprises the last 3 m of
the combustor with a cross-sectional area approximately four times that of the rectangular
section. The exhaust exits to a trench with a large cross-sectional area. Quartz viewing
windows 0.4 m wide are installed in the vicinity of the step, providing optical access.
An Atlas Copco GA 30 FF air compressor supplies air up to 110 g/s at 883 kPa. A pair
of Sierra C100M Smart-Trak digital mass flow controllers allows maximum flow rates of 2.36
g/s for propane and 0.30 g/s for hydrogen. The uncertainty of the flow rate is ±1% of the
full scale, which allows the equivalence ratios to be measured with the accuracy of ∆φ ∼
0.002. Fuel is injected through several spanwise holes in a manifold located 0.96 m upstream
of the step, which is 0.02 m downstream of the choke plate. Since the fuel is injected near
the choke plate where flow velocity oscillations are weak, the amplitude of equivalence ratio
oscillations established at the fuel injector is small. This was confirmed by the equivalence
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ratio measurements, which can be found in our previous study [9]. Air is preheated to a
temperature of up to 500 K using an Osram Sylvania 18 kW inline resistive electric heater.
The temperature of the inlet mixture is measured using a type K thermocouple mounted 0.2
m upstream of the sudden expansion.
Pressure is measured at five axial locations along the length of the combustor: 0.14
m, 0.76 m, 2.1 m, 3.1 m and 4.1 m downstream the choke plate. Two flush-mounted,
water-cooled Kistler 7061B pressure sensors are used at the first two locations, while at
the other three locations, Kulite high intensity microphones (Models: MIC-093 or MIC-
190LT) are mounted in semi-infinite line configurations [25]. We calibrated the pressure
sensors to ensure that they all read the same amplitude at a given axial location. This was
accomplished by: 1) mounting any two pressure sensors at the same axial locations, i.e.,
side by side in the span-wise direction; 2) comparing the two pressure signals measured in
a single operation and adjusting one of the gains accordingly; 3) repeating this procedure
until all the pressure sensors read the same amplitude. We also ensured that the phase
readings from all the pressure sensors are the same. The phase difference among the sensors
is less than 6 degrees (∼ 0.03pi) at most, which does not affect the results. We note that
for Kulite microphones mounted in semi-infinite line configurations, given that the standoff
length is negligible compared to the acoustic wavelength, the standoff pipe does not induce
any significant phase lag, as also confirmed by the calibration procedure.
The burned gas temperature is measured at various points along the combustor using
type K thermocouples, at the same axial locations as for the pressure measurements.
All data are acquired using a National Instruments PCIe-6259 data acquisition board
and the Matlab Data Acquisition Toolbox. A custom Matlab code is used to store the data
and control the experiment.
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2.2. Chemiluminescence measurements
A number of studies have shown that for laminar or weakly turbulent flames (Re <
12,000),4 OH∗ or CH∗ chemiluminescence signals exhibit linear dependence on the burning
rate and therefore can be used to quantify the heat release rate [26, 28, 29]. It was also shown
that chemiluminescence signals from CH∗ and OH∗ radicals agree well both in phase and
magnitude [28, 30, 31]. Given their different chemical pathways (and thus, different kinetics
rates and time scales), the agreement of the phase between CH∗ and OH∗ signals suggests
that there is negligible phase lag between the heat release rate and these chemiluminescence
signals.
Hence, for the experimental configuration considered in this study (Re = 6500), we use
the chemiluminescence signal from CH∗ radical as a surrogate to quantify the heat release
rate oscillations both in magnitude and phase. We note that the equivalence ratios at
which the combustor exhibits dynamic instabilities, i.e., where the estimation of unsteady
heat release rate is important in this study, are well above the lean blow-off limit. The
estimated flame stretch rate in the same configuration is in the range of 200−400 s−1 [32],
which is smaller than those that may induce local flame extinction [33]. As such, we do
not observe any local flame extinction in high-speed flame images (e.g., see Fig. 3). The
CH* chemiluminescence measurements also indicate a linear relationship between the mean
chemiluminescence intensity and the equivalence ratio (or fuel flow rate) for the operating
conditions considered in this study.
The chemiluminescence intensity was measured using a Hamamatsu H930602 photomul-
tiplier tube (PMT). An optical bandpass filter (Andover 430FS10-50) centered at 430 nm (10
nm FWHM) is placed in front of the photomultiplier tube to measure CH∗−chemiluminescence
emitted by the flame. The PMT is focused to collect data through a quartz window, installed
in the normal to the flow direction. The field of view is from ∼0.1 m upstream of the step
4For highly turbulent flames, e.g., when the flame is exposed to high strain or curvature, the linear
relationship between the chemiluminescence signal and the heat release rate may break; for example, under
extreme flame stretch, local CH∗ signal may be zero without actual flame extinction [26, 27]. For such cases,
other methods are used: laser-induced fluorescence (LIF) signal from HCO [26] or the product of OH-LIF
and CH2O-LIF [28], which is essentially proportional to the HCO-LIF signal.
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to ∼0.3 m downstream of the step. Normalized heat release fluctuations are computed from
time-resolved chemiluminescence intensities I ′(t) as
Q(t)′
Q(t)
=
I(t)′
I(t)
≡ I∗ (9)
where the overbar denotes time average values.
In addition, we summarize dynamic flame shapes observed in each operating regime in
Section 3.1 (Fig. 3). High-speed, spatially resolved chemiluminescence images of the flame at
speeds up to 2000 Hz are taken using a NAC GX-1 high-speed CMOS camera with a Nikon
50mm f/1.8 lens. The camera has a resolution of 1280 × 1024 pixels and a monochrome bit
depth of 12 bits per pixel. A BG-39 optical colored glass filter with 2-mm thickness is placed
in front of the camera, to reduce an infrared radiation from the flame.
2.3. Signal processing details
Throughout the paper, the dynamic data such as amplitudes, frequencies or phases were
computed by taking the fast Fourier transform (FFT) of the time signal. We sample the
raw data at 10 kHz, and depending on the length of data (recording time) we divide the
data into ensembles such that the frequency resolution in the frequency domain for each
member of the ensemble is ∼1 Hz. The ensembles are then averaged. The signal to noise
ratio is sufficiently high, which depends on the amplitude of pressure fluctuations as well
as the frequency bandwidth considered, as the noise is distributed over the entire frequency
space. For example, for ±40 Hz bandwidth with respect to the peak frequency, the signal
to noise ratio ranges between 11.4 and 20.2 dB, while for the entire frequency range (zero −
Nyquist frequency), the signal to noise ratio is 29.6−38.2 dB.
The pressure amplitudes are reported in terms of the overall sound pressure level (OASPL,
e.g., Fig. 2), defined as:
OASPL = 10 log10
[
p(t)− p(t)
p0
]2
(10)
where overbars indicate average values, p(t) is the pressure measured in an interval t1 < t < t2
while the operating conditions are constant and p0 = 2 × 10−5 Pa is the standard acoustic
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reference pressure for air.
Data from the pressure sensor located at ∼0.2 m upstream of the sudden expansion (0.76
m downstream of the choke plate), very close to where the flame is nominally anchored, is
used for calculating the OASPL as well as the phase between pressure and heat release rate.
2.4. Experimental conditions
To investigate the stability characteristics of the combustor, we conducted a series of
experiments in which the inlet conditions were varied while the dynamic pressure and flame
chemiluminescence were recorded. We varied the fuel composition in C3H8:H2 volume ratios
corresponding to 50:50, 70:30 and 100:0, and varied the inlet temperature from 300 K to 500
K in increments of 100 K. For each fuel composition and inlet temperature, we conducted
an equivalence ratio sweep test, which determined the stability map of the combustor de-
pending on the operating conditions: the equivalence ratio was varied gradually from near
stoichiometry toward the lean blow-off limit, in decrements of 0.01.
Throughout all tests, the combustor was operated at a constant Reynolds number of
6500, based on the step height of 20 mm. This corresponds to a mean inlet velocity of 5.2
m/s at 300 K, which increases to 8.5 m/s at 400 K and 12.5 m/s at 500 K. The inlet velocity
varies by less than 10% as a function of fuel composition and equivalence ratio.
3. Results
3.1. Stability characteristics
In this section, we highlight the key stability characteristics of the combustor response,
which will be frequently referred to throughout the paper. The combustor response can
be categorized into several distinct regimes depending on the operating conditions and fuel
parameters, which can be characterized by its acoustic response (amplitude and frequency)
along with dynamic flame shapes. Because each regime corresponds to a distinct acoustic re-
sponse accompanied by a unique flame shape, we refer to these regimes as “dynamic modes.”
As a corollary, the discrete changes in flame configurations that occur with transitions be-
tween acoustic modes are collectively referred to as “dynamic mode transitions.”
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At fixed inlet temperature and fuel composition, the combustor exhibits three distinct
operating regimes depending on the equivalence ratio as shown in Fig. 2a, where we plot
the OASPL as a function of equivalence ratio for a range of fuel compositions at Tin = 300
K. Near the lean blow-off limit, the oscillation amplitude is below 140 dB. We refer to this
band as Mode I. As the equivalence ratio is gradually increased, the amplitude grows to ∼
140−145 dB, which is referred to as Mode II. At higher equivalence ratios, the OASPL jumps
to 150−160 dB, and we refer to this band as Mode III. The combustor is relatively stable in
Mode I, whereas being unstable (or quasi-stable) with a very low limit cycle amplitude in
Mode II and with a large limit cycle amplitude in Mode III.
For completeness, we present here samples of high-speed flame images, highlighting the
dynamic nature of flame motions in each mode. More details regarding the flame dynamics
can be found in our prior studies [9, 32].5 Figure 3 shows that in Mode I, the flame is
stabilized in a reacting shear layer, while in Mode II and Mode III, the flame exhibits
significant oscillatory motions (dynamics) associated with coherent vortical structures. In
particular, in Mode III, the flame propagates upstream of the step toward the inlet section,
i.e., flashes back, during part of the instability cycle due to significant flow fluctuations,
whereas in Mode II, the flame remains attached to the step while interacting with a growing
vortex structure.
As the inlet flow is preheated or hydrogen is added to the fuel, while a topologically
similar behavior is seen, the critical equivalence ratios, at which transitions between different
regimes occur, shift to the left. Consider, for example, the case where the inlet temperature
is fixed at 300 K. For pure propane/air mixtures, the transition from Mode II to Mode
III occurs at φ = 0.74. As the hydrogen concentration is increased to 30% and 50% by
volume, the equivalence ratio at which this transition occurs shifts to φ = 0.66 and φ = 0.60,
respectively. The same behavior is observed at the higher inlet temperatures, as shown in
Fig. 2b for Tin = 500 K. At this temperature, we also observe that the range of equivalence
5High-speed flame images [9] and particle image velocimetry data [32] are described for the same com-
bustor configuration.
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ratios corresponding to Mode II (e.g., φ ≈ 0.57 for propane/air mixtures) is narrower than
that at Tin = 300 K (e.g., 0.67 ≤ φ ≤ 0.74 for propane/air mixtures).
Figure 4 shows the spectral maps as a function of the equivalence ratio for pure propane
and propane/hydrogen fuel mixtures of 50:50 by volume at the inlet temperatures of 300
K and 500 K. The color contour represents the pressure amplitude, while the vertical and
horizontal axes represent the frequency and the equivalence ratio, respectively. In Fig. 4a,
we observe relatively weak pressure oscillations (∼140 dB) at a single frequency ∼40 Hz in
Mode II, whereas in Mode III, the oscillations are at two different frequencies: ∼40 Hz at
lower equivalence ratios and ∼70 Hz at higher values. The correspondence between these
two frequencies and the longitudinal acoustic modes is discussed in Section 3.3, while at
present we classify the frequencies centered around ∼40 Hz and ∼70 Hz as Mode IIIa and
Mode IIIb, respectively. As will be discussed in Section 3.3, Mode IIIa and Mode IIIb have
different acoustic mode shapes.
Figure 4 further shows that for a fixed inlet temperature, changing the mixture composi-
tion does not impact the instability frequency (compare Fig. 4a and Fig. 4b, or Fig. 4c and
Fig. 4d). As the inlet temperature is raised to 500 K, we observe two changes in the fre-
quencies as shown in Figs. 4c and 4d: (1) the frequency of oscillation in Mode IIIb increases
from ∼70 Hz at Tin = 300 K to ∼90 Hz at Tin = 500 K; (2) the range of equivalence ratios
corresponding to Mode IIIb is extended compared to that at Tin = 300 K. The mechanism
behind these observations is discussed throughout Sections 3.2 and 3.3.
These operating regimes described above are summarized in Table 1. The Roman numeral
classifies modes at different pressure oscillation amplitudes and distinct dynamic flame shape,
while the lower case letter (‘a’ or ‘b’) is used to differentiate flames with similar shape (and
amplitude level) but with different acoustic frequencies and thus mode shapes.
3.2. Coupling between pressure and heat release rate
In the previous section, we classified the stability of the combustor by two criteria. In
the first one, we delineate the stability by pressure amplitudes, where the state of the com-
bustor is grouped as stable (Mode I), quasi-stable (Mode II) and unstable (Mode III). The
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Table 1: Operating regimes of the backward-facing step combustor
Mode Frequency OASPL
I - < 140 dB
II 35−40 Hz 140−150 dB
IIIa 35−40 Hz > 150 dB
IIIb 70−90 Hz > 150 dB
amplitudes are more or less constant in each. In addition, we observe that despite similar
amplitudes, the frequency at which the combustor resonates can be different, e.g., in Mode
IIIa and Mode IIIb; this is the second criterion.
In this section, we address how to distinguish the states of the combustor that have similar
amplitudes and frequencies, by examining both the pressure and heat release fluctuations.
3.2.1. Heat release rate oscillations
First, consider the amplitude of heat release fluctuations. The normalized chemilumi-
nescence intensity, I∗, defined in Eq. (9) is plotted in Fig. 5, as a function of equivalence
ratio across a range of fuel compositions at Tin = 300 K and 500 K. The trends seen in the
pressure amplitude curves (Fig. 2) are observed here as well. The amplitude of heat release
rate oscillations in Mode III is remarkably higher (> 30% of the mean) than those in Mode
I and Mode II (< 10% of the mean). The transitions between Mode I and Mode II are
not as distinct as in the pressure response. This is because unlike the pressure fluctuations
that are normalized by a constant value (2 × 10−5 Pa, see Eq. 10), the heat release rate
fluctuations are normalized by their mean value that increases with the equivalence ratio.
Nevertheless, the heat release response curves show the leftward shifts in the equivalence
ratio as the hydrogen concentration in the fuel mixture or the inlet temperature is raised,
similar to those observed in the pressure response curves (Fig. 2).
3.2.2. Phase measurements
In this section, we examine the phase between the heat release rate and pressure fluctu-
ations. To quantify the phase difference θqp, we start with the time series signals, p(t) and
q(t), from the pressure and PMT measurements, respectively. We take the Fourier transform
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of each to obtain p˜(ω) and q˜(ω). If ωm is the dominant frequency, i.e., at which |p˜(ω)| is at
its maximum, the phase at this frequency is
θqp = arg
(
q˜(ωm)
p˜(ωm)
)
(11)
where arg(z) is the argument of a complex number z (i.e., arg(z) = arg(rejθ) = θ).
Figure 6 shows θqp as a function of the equivalence ratio for several combinations of the
inlet temperature and fuel composition. We observe certain common characteristics across
all operating conditions. First, we note that the heat release rate always leads the pressure,
i.e., θqp > 0. Second, despite the same amplitude and frequency of pressure oscillations
within a dynamic mode, e.g., in Mode IIIa or IIIb, the intensity of coupling between the
pressure and heat release rate represented by their phase difference varies depending on the
operating conditions, suggesting that the phase can indeed provide a quantitative way to
distinguish the state of the combustor within a dynamic mode.
For Mode III where the instabilities have the highest amplitudes, Fig. 6a−f shows that
the phase varies within the range of 0 < θqp < pi/2, indicating that the pressure and heat
release rate are positively coupled, which is consistent with the classical Rayleigh criterion.
In Mode II where the instabilities are at lower amplitudes, Fig. 6a−c shows that θqp ≈ pi/2
for some cases, while exhibiting a scatter between pi/4 and pi/2 for others, which indicate
that the combustor is nearly at the stability margin (hence, quasi-stable). This is clearly
observed only at the inlet temperature of 300 K, since at the higher inlet temperatures, the
amplitudes of Mode II are too weak to compute the phase (see Fig. 2).
Figure 6a−f shows that as the combustor switches to a new dynamic mode at higher
equivalence ratios, e.g., from Mode II to Mode IIIa or from Mode IIIa to Mode IIIb, θqp
suddenly drops to near zero, which implies that the dynamic instabilities are triggered at the
maximum positive coupling between the corresponding acoustic mode and the combustion
process. Further increasing the equivalence ratio preserves the frequency within a mode,
while the phase θqp gradually grows from near zero toward pi/2, indicating that the coupling
between the pressure and heat release rate becomes weaker. This further implies that the
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tendency of sustaining the instability in that regime, e.g., Mode IIIa, becomes smaller, which
could lead to a transition to another regime, e.g., Mode IIIb, in which the coupling between
pressure and heat release rate may be stronger.
To examine this further, consider two operating conditions: pure propane and propane-
hydrogen (50% each by volume) fuel mixtures, both at φ = 0.75 and 300 K. Figures 2 and
4 show that the amplitudes and frequencies for these two conditions are very similar, both
corresponding to the same dynamic mode, Mode IIIa. However, Figs. 6a and 6c show
that the phases for these two conditions are ∼25◦ (∼0.14pi rad) and ∼57◦ (∼0.32pi rad),
respectively, indicating that the propane/hydrogen/air flame (the latter case) experiences
weaker coupling6 between pressure and heat release rate despite the same pressure oscillation
amplitude and frequency. The fact that we observe the same limit cycle amplitudes at the
two conditions despite different extent of the coupling (as indicated by the phase) implies
that the energy loss may be different for the two cases. A comparison of the two conditions
in Fig. 6 shows that the propane/hydrogen/air flame at this condition (φ = 0.75 and 300 K)
is closer to the transition point at which the combustor switches from Mode IIIa to Mode
IIIb. This example suggests that the phase between pressure and heat release rate can be
used to quantify the state of the combustor, i.e., how it is close to the stability (or modes)
boundaries.
Next, we examine how the stability boundaries would shift as the fuel composition or inlet
temperature changes. Figure 7 depicts the phase θqp as a function of the equivalence ratio
over the entire range of parameter space (inlet temperatures and mixture compositions)
considered in this study. Similar to the pressure amplitude, frequency and heat release
amplitude, the figure shows that changing the fuel composition or the inlet temperature
shifts the critical equivalence ratio at which the transitions occur. However, for all the
conditions, unlike the amplitudes and spectra, the values of the phase are not constant
6This follows from the integral of p′ and q′ in the acoustic energy equation, which can easily be shown if
one assumes that the pressure and heat release fluctuations are harmonic functions and integrate the multiple
of the two over one cycle. The integral depends on the phase between the two quantities, which is the source
of the observed dynamic instabilities.
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within an operating regime, but increases from near zero (at the inception of a mode) to a
critical value at which it resets to zero again in the next mode, which was also depicted for
selected cases shown in Fig. 6a−f.
Similar trends observed across different operating conditions suggest the existence of a
global parameter that encapsulates the impact of the operating parameters on the phase
relationship between the pressure and heat release rate, which will further be discussed in
the next section. Here, we also note that for all the conditions, the critical phase at which
the combustor switches dynamic modes (e.g., from Mode IIIa to Mode IIIb) is in the range
of pi/4 < θqp < pi/3, rather than pi/2 as suggested by the classical Rayleigh criterion. This
will be discussed in Section 3.4.
3.2.3. Correlating the phase with the flame speed
Our previous studies [9, 10] showed that the strained flame consumption speed can be
used to collapse the pressure amplitude data onto overlapping curves, which is defined as
Sc =
∫∞
−∞ q
′′′/cpdy
ρu(Tb − Tu) (12)
where q′′′ is the volumetric heat release rate, cp is the specific heat of the mixture, y is the
coordinate normal to the flame, and Tu and Tb are the unburned and burned gas temperature,
respectively. Still, it is uncertain what drives the observed mode-transitions at a particular
value of the strained flame speed parameter.
In this section, we attempt to correlate the phase data presented in Fig. 7 with a non-
dimensional strained consumption speed parameter defined as [32]:
S˜ =
(
ρb
ρu
)
Sc
Uu
(13)
where the consumption speed, Sc, is normalized using the bulk velocity of the unburned
mixture, Uu, and weighted by the density ratio of ρb to ρu, which denote the density of the
burned and unburned mixtures, respectively. To compute the consumption speed Sc, one
needs to know the mixture properties and the flame stretch rate. The former is provided
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by Cantera [34] based on the operating conditions of the experiments, e.g., the equivalence
ratio, inlet temperature, pressure and fuel compositions. The flame stretch is determined
following the approach described in [32], where we discuss how to determine the stretch rate
for the flame speed calculations. The flame stretch may vary spatially along the flame as well
as temporally for unsteady flames, e.g., during the instability cycle. In that reference, we
presented the stretch rate measurements using the PIV data obtained in the same combustor,
e.g., the velocity field and flame front locations determined by the seeding image. The stretch
rates computed at each grid point were averaged along the flame surface for a given instant.
The ensemble of such instantaneous, spatially-averaged stretch rates was then averaged again
to obtain the mean stretch rate for a given operating condition. More details can be found
in Ref. [32]. The consumption speed Sc is computed for a range operating conditions used in
the experiment using the strained flame model in which strained laminar flames are stabilized
in a planar stagnation flow field [35, 36]. The calculated values of Sc are then normalized to
obtain S˜ using Eq. (13).
In Fig. 8, we plot the phase data against the normalized strained consumption speed
S˜. For all the inlet temperatures, fuel compositions and equivalence ratios while large-
amplitude instabilities occur (Mode IIIa and IIIb), the scatter of all the points representing
the phase θqp approximately collapses onto two curves, demonstrating that the phase θqp
can be determined solely as a function of the normalized strained flame consumption speed.
The figure shows that the phase θqp increases with the flame speed, suggesting that the heat
release rate tends to lead the pressure to a greater extent (i.e., larger θqp) as a result of
higher flame speeds. We note that a region where the two curves corresponding to Mode
IIIa or Mode IIIb overlap at the same flame speed parameter should not be interpreted as
co-existence of the two operating regimes. Instead, this is attributed to a scatter of the
phase data curves obtained over a range of operating conditions with respect to the flame
speed parameter. For a single data set (e.g., see each sub-figure in Fig. 6), there is a
non-overlapping demarcation between Mode IIIa and Mode IIIb.
The results shown in Fig. 8 have several implications. First, it shows further evidence
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that the consumption speed is a good correlating parameter for quantifying transitions from
one mode to another. While our previous study [32] demonstrated that this parameter well-
correlates the pressure amplitudes that characterize the different operating regimes, e.g.,
Mode I vs. Mode II vs. Mode III, this was in essence a binary classification, i.e., stable vs.
unstable or unstable at low amplitude vs. unstable at high amplitude. The collapse of the
phase data with respect to the consumption speed parameter presented herein shows that
the extent of coupling between the dynamic pressure and heat release fluctuation, which
defines a state of the combustor response within a dynamic mode, can also be encapsulated
in the consumption speed parameter, providing a quantitative way to characterize how a
combustor’s stability (or modes) boundaries would shift as the operating conditions or fuel
parameters change.
In what follows, we discuss defining the stability or modes boundaries as seen in Figs.
6−8, based on the physics of the observed dynamic modes, which will be described in the
next section.
3.3. Combustor acoustics
In this section, we analyze the acoustics of the combustor to examine the underlying
physics of the combustor dynamic response. So far, we categorized the operating regimes
as Mode I, II and III based on their limit cycle amplitudes. Mode III is further classified
into Mode IIIa and IIIb based on the frequency. Here, we examine how these operating
regimes are related to the natural acoustic modes (i.e., eigenfrequencies) of the geometry,
and compare computed mode shapes with measurements. These mode shapes will also be
used in Section 3.4 where we use an acoustic energy balance to show how one mode is excited
over another.
3.3.1. Model description
Figure 9 shows a schematic of the combustor geometry used in the acoustics model, which
is divided into twelve blocks, each of constant acoustic impedance and cross-sectional area.
Between each block lies an interface (located at x = Li, total eleven interfaces), across which
21
either the temperature or cross-sectional area changes. The flame is assumed to be localized
in space between the fourth and the fifth blocks, as it is acoustically compact, i.e., the flame
length is very small compared to the acoustic length of the combustor.
In each block, we model harmonic one-dimensional waves at zero Mach number (M < 0.03
for the configuration considered in this study), for which the acoustic pressure and velocity
take the form [37]:
p′i(x, t) = pˆi(x)e
−jωt (14)
u′i(x, t) = uˆi(x)e
−jωt (15)
where
pˆi(x) = A
+
i e
−jkix + A−i e
jkix (16)
uˆi(x) =
A+i
(ρc)i
e−jkix − A
−
i
(ρc)i
ejkix. (17)
The subscript i denotes ith block in Fig. 9, e.g., i = 1, 2, · · · , 12. The density of gas and
speed of sound in each block are denoted by ρ and c, respectively. The wave number is
denoted by k = ω/c, where ω (= 2pif) is the natural frequency of the system. A+i and A
−
i
are arbitrary constants. Thus, for a given condition, there are total twenty five unknowns,
A+i , A
−
i for i = 1, 2, · · · , 12 and ω.
The matching conditions for pressure (Eq. 16) and velocity (Eq. 17) at the eleven inter-
faces provide twenty two equations. The boundary conditions at the inlet and the outlet of
the combustor provide two equations, leading to total twenty four equations. This system
of equations with twenty five unknowns can be numerically solved, where the eigenvalues of
its coefficient matrix provide the natural frequencies of the combustor (ω) and the eigen-
vectors provide the mode shapes. In what follows, we describe the matching and boundary
conditions.
The upstream acoustic boundary of the combustor is a rectangular stainless steel metallic
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plate with a choked orifice, which can be modeled as a rigid wall:
uˆ1(x = 0) = 0 (18)
In the first four blocks (i = 1, 2, 3 and 4) upstream of the flame, the temperature and mixture
composition are constant given the inlet conditions. Hence, at the first three interfaces, only
the cross-sectional area changes, where the matching conditions for pressure and velocity
can be obtained from the momentum and mass-conservation equations, which are reduced
to the following:
pˆi(Li) = pˆi+1(Li) (19)
Siuˆi(Li) = Si+1uˆi+1(Li) (20)
where Si denotes the cross-sectional area of the i
th block (i = 1, 2 and 3). Equations (19) and
(20) indicate that pressure and volume velocity are continuous across sudden area change.
Next, consider the other eight interfaces. The fourth interface corresponds to the loca-
tion of the flame, while all other interfaces downstream the flame (from the fifth block to
the twelfth block) accounts for the temperature discontinuities due to heat losses from the
combustor to the surroundings, except the seventh interface (between the seventh and eighth
blocks) that accounts for the area change. Hence, Eqs. (19) and (20) applies to the matching
conditions at the seventh interface (i = 7).
Figure 10 shows the measurements of the gas temperature at four axial locations down-
stream the flame. Based on the measurements, the gas temperature in the burned region
is extrapolated using a polynomial-fit, which is plotted alongside the measured values in
the same figure. These extrapolated gas temperatures shown in Fig. 10 are used for the
temperature of each block downstream the flame,7 and hence, the acoustic impedance varies
in the blocks downstream the flame depending on the gas temperature.
7We note that further increasing the number of blocks did not significantly affect the predictions of the
frequency or mode shape, while it substantially increases the computational cost.
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For the interfaces that account for either the flame location or the temperature disconti-
nuity, the following relations across such interface can be derived from the momentum and
energy equations:
p′(L+i ) = p
′(L−i ) (21)
u′(L+i )− u′(L−i ) =
γ − 1
γp
∫
q˙′dx (22)
where q˙′ is the unsteady heat release rate per unit volume, γ is the specific heat ratio and
p is the mean pressure. In the absence of unsteady heat addition, e.g., at the interfaces
representing the temperature discontinuity downstream the flame, the matching conditions
reduce to:
pˆi(Li) = pˆi+1(Li) (23)
uˆi(Li) = uˆi+1(Li) (24)
which essentially represent continuous pressure and velocity (for i = 5, 6, 8, 9, 10 and 11).
At the flame location (i = 4), unsteady heat release induces velocity jump as indicated
by Eq. (22), where q˙′ is modeled here using the modified form of the n − τ model [38] as
follows:
q˙′ = ρucp(Tb − Tu)nu′(x, t− τ)δ(x− Lf ) (25)
where the term ρucp(Tb− Tu) denotes the ratio of mean heat release rate per unit volume to
mean flow velocity. This way, the coupling parameter n, which is the gain of the heat release-
velocity transfer function, is dimensionless. ρu, cp, Tb and Tu denote the unburned mixture
density, specific heat at constant pressure, the burned gas temperature and unburned gas
temperature, respectively. The flame is localized in space at x = Lf . Substituting Eq. (25)
into Eq. (22) and expanding u′(x, t) from Eq. (15), we obtain the matching conditions across
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the flame (i = 4) as follows:
pˆ4(Lf ) = pˆ5(Lf ) (26)
uˆ5(Lf ) = uˆ4(Lf )
(
1 +
(
Tb
Tu
− 1
)
neiωτ
)
(27)
At the exit of the combustor, the tailpipe exhausts flue gases into a 50-m long trench
that flows a large volume of dilution air at ambient conditions. Given that the length of
the trench is one order of magnitude larger than the acoustic length of the combustor (thus,
assumed to be semi-infinite for acoustic waves), we assume that waves are only transmitted
into the trench from the tailpipe, while not reflecting back. The reflection and transmission
coefficients can then be derived as [39]:
R =
p−
p+
=
Ztrenchgas
Zfluegas
− Strench
Stailpipe
Ztrenchgas
Zfluegas
+ Strench
Stailpipe
(28)
T =
2
Ztrenchgas
Zfluegas
Ztrenchgas
Zfluegas
+ Strench
Stailpipe
(29)
where Z and S denote the specific acoustic impedance and cross-sectional area, respec-
tively. The waves traveling in the forward and backward directions are denoted by p+ =
A+i e
−j(ωt+kix) and p− = A−i e
−j(ωt−kix), respectively (i = 12). The reflection coefficient R
(≈ −0.86) computed using Eq. (28) provides the last boundary condition required for a full-
rank system of equations. The transmission coefficient in Eq. (29) will be used in Section
3.4 to estimate the acoustic fluxes advected out of the system.
3.3.2. Results
The natural frequencies of the combustor depend on two sets of parameters. The first
set includes state variables, e.g., temperature, pressure and mixture composition, and ge-
ometrical measurements, e.g., length and cross-sectional area. The second set corresponds
to values of n and τ in the heat release rate model (Eq. 25), which represent the gain and
phase (time delay) of the flame transfer function. The first set is determined by the operating
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conditions and combustor geometry, while the values of n and τ may vary depending on the
flame configurations.
We first examine the dependence of the natural frequencies on the values of n and τ . As
mentioned earlier in Section 1.3, for n 6= 0, the natural frequencies of the system are complex.
In what follows, only the cases with positive growth rate (thus, the system is unstable)
are considered. Figure 11a shows the unstable natural frequencies of the combustor for
0 ≤ ωτuq(= θuq) ≤ 2pi and 0 ≤ n ≤ 1, computed at φ = 1 and Tin = 300 K for a propane/air
flame. The figure suggests that the natural frequency depends primarily on the value of θuq,
i.e., the phase between velocity and unsteady heat release, for given geometry and operating
conditions. For a given value of θuq, the impact of the gain n on the numerical value of the
frequency is almost negligible, while it only shifts the range of θuq over which the growth rate
is positive. We observe that the computed natural frequencies for pi ≤ θuq ≤ 5pi/4 match
well with the measured frequencies at Tin = 300 K as shown in Fig. 4a (∼40 Hz in Mode
IIIa and ∼65 Hz in Mode IIIb).
Next, we examine the impact of operating parameters. Naturally, the computed frequen-
cies may increase at higher inlet temperature, as the frequency is proportional to the speed
of sound (f ∼ c ∼ √T gas). Here, we non-dimensionalize the frequency using the length of
the combustor, L and the average speed of sound over the entire region of the combustor,
c (i.e., f˜ = fL/c). Non-dimensionalizing the frequency allows one to examine the corre-
sponding “acoustic mode.” For example, consider the acoustic wave in an isothermal duct of
length L, where the inlet and exit boundary conditions are either u′ = 0 or p′ = 0 as simple
cases. For a duct with boundary conditions of u′ = 0 at one end and p′ = 0 at the other,
the acoustic standing waves exhibit odd multiples of “quarter-wave” modes at frequencies
such that fL
c
= 2N−1
4
= 0.25, 0.75, 1.25, · · · (for N = 1, 2, 3, · · · ). If one considers a duct
with boundary conditions of p′ = 0 at both ends of the duct, the acoustic waves then exhibit
multiples of “half-wave” modes, where the frequencies are such that fL
c
= N
2
= 0.5, 1, 1.5, · · ·
(for N = 1, 2, 3, · · · ).
In Fig. 11b, we plot such non-dimensionalized unstable natural frequencies computed for
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a range of n and τ at two different conditions, e.g., φ = 0.92 at Tin = 400 K, and φ = 1
at Tin = 300 K, along with the horizontal lines corresponding to reference values of fL/c.
We observe that the lowest unstable frequencies (fundamental modes) fall within the range
close to fL/c ≈ 0.25, while the “first harmonic” unstable frequencies or the second modes
span a range between fL/c = 0.5 to fL/c = 1. The variation of the non-dimensionalized
frequencies of the second mode suggests that unsteady heat release leads to a continuum of
unstable frequencies, which may correspond to different acoustic mode shapes depending on
the phase between unsteady heat release and velocity.
A comparison between the frequency measurements (Fig. 4) and the acoustics model
(Fig. 11) suggests that the frequencies in Mode IIIa (∼40 Hz for all the inlet temperatures)
correspond to the quarter-wave mode where the frequency scales to fL/c ≈ 0.25. The
frequencies in Mode IIIb vary within certain range, e.g., increase from ∼70 Hz at Tin = 300
K to ∼90 Hz at Tin = 500 K, consistent with the model in which the frequencies of the
second mode can vary depending on the phase between the unsteady heat release and the
velocity. The model then suggests that the observed frequencies in Mode IIIb may fall into
different points along the curve of the second mode shown in Fig. 11b, thus corresponding
to different acoustic modes (different values of fL/c). For the values of τuq with which the
model agrees well with the measurements as revealed by Fig. 11a (e.g., pi ≤ ωτuq ≤ 5pi/4), the
non-dimensionalized frequencies of the second mode lie in the range of 0.5 ≤ fL/c ≤ 0.75.
Given that the boundary conditions are u′ = 0 at the inlet and close to p′ ≈ 0 at the exit,8
we expect that the second mode resembles a multiple of the quarter-wave mode, e.g., three
quarter-wave, five quarter-wave, and so on .
To further examine the correspondence of the measured frequencies and the acoustic
modes, we plot the mode shapes using both the pressure measurements and the acoustics
model. Figure 12 shows the measured mode shapes in Mode IIIa and IIIb (discrete markers),
along with the computed ones in the “fundamental” mode and the “first harmonic” mode
8The exit boundary condition is estimated asR ≈ −0.86 (see Eq. 28), while the pressure release boundary
condition (p′ = 0) corresponds to R = −1.
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(continuous lines). The conditions used for both measurements and calculations are: (a) φ
= 0.85 at Tin = 300 K for Mode IIIa (∼39 Hz) and (b) φ = 0.9 at Tin = 400 K for Mode
IIIb (∼82 Hz). The values of n and τ in the model were chosen such that the predicted
frequencies match well with the measured ones: e.g., (a) n = 1 and θuq ≈ 1.32pi; (b) n
= 1 and θuq ≈ 1.07pi. We again note that the value of n does not significantly impact
the frequencies, as revealed by Fig. 11a, and therefore has no physical significance, while
θuq is the important parameter that leads to the frequency match between the experiments
and the acoustics model, as also depicted in Fig. 11. The results show that the computed
mode shape agrees well with the experimental data points in both cases. Mode IIIa indeed
resembles the quarter-wave mode both in the experiment and the model. Despite the fact
that the higher frequency is approximately twice the lower frequency, Mode IIIb resembles
the five quarter-wave mode showing three pressure nodes (including the one near the exit),
according to the computed mode shape.9
Overall, the one-dimensional acoustic analysis shows that the dynamic instabilities ob-
served in the experiment are coupled to the natural acoustic modes of the combustor. The
instability frequencies are well-predicted by the model, where the appropriate values of n and
τ in the heat release model are used. The corresponding acoustic mode shape of each dy-
namic regime can also be revealed by the acoustics model. The lower frequency (Mode IIIa)
resembles the fundamental acoustic mode (quarter-wave mode), while the higher frequency
(Mode IIIb) resembles a multiple of quarter-wave acoustic mode, where the corresponding
acoustic mode shape may vary depending on the associated time delay (τ) between the heat
release rate and the acoustic field. Although the acoustic analysis reveals the correspondence
between the observed instabilities and the acoustic modes of the combustor, it does not allow
one to predict when the transition between distinct modes will occur. In the next section,
we examine the stability boundary or the boundary between modes using an acoustic energy
9It is worth noting that in the presence of unsteady heat release, non-uniformity of area or temperature
discontinuities, categorizing the mode shapes may become difficult compared to the simple isothermal duct,
since the shape of the standing wave may be distorted due to changes in acoustic impedance as well as the
velocity jump across the flame. Moreover, a nonzero growth rate due to the unsteady heat release impacts
the amplitude of the acoustic wave, making the mode shape even more complicated.
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balance.
3.4. Towards predicting the dynamic mode transitions
In Fig. 8, the boundary between modes is observed at pi/4 < θqp < pi/3, where the
phase θqp drops to near zero while the combustor transitions from one dynamic mode to
another. According to the classical Rayleigh criterion, the phase difference between the heat
release rate and the pressure should be between −pi/2 and pi/2 to sustain the instability,
in agreement with the experimental data (e.g., see Figs. 6, 7 and 8). We note that the
combustor reaches a limit cycle at each value of φ in Mode IIIa or Mode IIIb, as depicted in
Fig. 13, where the amplitude of the instability does not grow despite the fact that the phase
remains within the interval of −pi/2 < θqp < pi/2. In the limit cycle, energy radiated out
of the system balances the forcing supported by the coupling between the dynamic pressure
and unsteady heat release. The existence of the energy loss in turn suggests that the phase
range where the combustor can sustain the instability may be smaller than that indicated
by the Rayleigh criterion. For example, the combustor transitions from Mode IIIa to Mode
IIIb as the phase θqp just exceeds pi/4, rather than at θqp ≈ pi/2. As such, in what follows,
we consider an extended Rayleigh criterion, which accounts for the acoustic energy loss at
the system boundaries as well as the energy source term (p′q′).
By integrating Eq. (7) over the volume of the system and one instability period (denoted
here by T ), one can obtain an instability criterion, which states that the combustion system
is unstable if the following is satisfied:
∫ T
0
∫
V
γ − 1
γp
p′q′dV dt >
∫ T
0
∫
A
p′u′dAdt (30)
In the following section, we derive a modified form of Eq. (30), which can be directly applied
to the combustor dynamics data.
3.4.1. Modified form of the extended Rayleigh criterion
We start from the left-hand side (LHS) of Eq. (30). The integral is non-zero only in the
flame region, since q′ is zero elsewhere. Therefore, we perform the integral over the flame
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volume such that Q′ =
∫
q′dV , where Q′ is the heat release rate fluctuations.10 The LHS of
Eq. (30) then can be rewritten as follows:
y
V
γ − 1
γp
p′q′dV = p′fQ
′γ − 1
γp
(31)
where p′f denotes the pressure oscillations at the flame location. Now, we recall Eq. (9)
to replace the heat release fluctuations with the chemiluminescence intensity, which is a
directly-measurable property. Substituting Eq. (9) into Eq. (31) yields
p′fQ
′γ − 1
γp
= p′fQ0
I ′
I
γ − 1
γp
(32)
where Q in Eq. (9) is taken here as a heating value Q0 of the unburned mixture. Using the
perfect gas relation in the unburned gas region, p = ρuRTu and the relations γ = cp/cv and
R = cp − cv, one obtains the following equation:
γ − 1
γp
=
1
ρucpTu
. (33)
Hence, substituting Eq. (33) into Eq. (32) yields the following:
p′fQ0
I ′
I
γ − 1
γp
= p′f
I ′
I
Q0
ρucpTu
. (34)
Next, we assume the pressure and the normalized chemiluminescence intensity as simple
harmonic functions, namely:
p′f (t) = pˆf cosωt (35)
I(t)′/I(t) = Iˆ cos(ωt+ θqp) (36)
10The pressure fluctuation, p′, is assumed to be constant across the flame volume, since the flame is very
compact compared to the wavelength of acoustic pressure.
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where pˆf and Iˆ are the amplitudes of the pressure and normalized chemiluminescence inten-
sity, respectively. θqp is the phase difference between the pressure and chemiluminescence
measurements. ω = 2pif is the instability frequency as observed in Fig. 4. Following sub-
stitution of Eqs. (35) and (36) into Eq. (34) and integration of the right-hand side of Eq.
(34) over an instability period (T = 1/f), the LHS of Eq. (30) reduces to the following final
form:
∫ T
0
LHS dt =
Q0
ρucpTu
pˆf Iˆ
∫ T
0
cosωt cos(ωt+ θqp) dt (37)
=
Q0
ρucpTu
pˆf Iˆ
T
2
cos θqp. (38)
Next, we consider the acoustic energy fluxes (p′u′) shown on the right-hand side (RHS)
of Eq. (30). For the combustor configuration considered in this study, the inlet is choked,
thereby u′ ≈ 0, while both p′ and u′ are finite at the outlet of the combustor, where the
burned gas exits to an exhaust trench of dilution air, as described in Section 3.3.1. Assuming
one-dimensional waves for p′ and u′, the RHS can then be written as follows:
x
A
p′u′dA = p′tru
′
eAe (39)
where Ae is the exit area (the cross-sectional area of the twelfth block in Fig. 9), and u
′
e
is the velocity fluctuations at the exit. p′tr denotes the pressure fluctuations transmitted
through the exit boundary, which can be obtained using the transmission coefficient shown
in Eq. (29) such that p′tr = T × p+e , where p+e is the forward-traveling wave in the twelfth
block. After some algebra, p′tr can be computed as follows:
p′tr = p
′
e ×
T×√√√√ 1
1 +
A−12
A+12
e2jkL
 ≡ p′e × β. (40)
From the definition of acoustic impedance, u′e = p
′
e/Ze, where Ze = ρece is the acoustic
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impedance of dilution air, ∼408 kg/m2s. Hence Eq. (39) is rewritten as follows:
p′tru
′
eAe = Ae
β2p′e
2
Ze
. (41)
Next, if one defines the pressure at the exit as harmonic waves, p′e(t) = pˆe cosωt (as similar
to Eq. 35), Eq. (41), after integrated over an instability period, provides the final form of
the RHS of Eq. (30):
∫ T
0
RHS dt =
Aeβ
2
Ze
∫ T
0
p′e
2
dt (42)
=
Aeβ
2
Ze
∫ T
0
pˆe
2 cos2 ωt dt (43)
=
Aeβ
2
Ze
T
2
pˆe
2. (44)
Finally, substituting the final forms of the LHS (Eq. 38) and the RHS (Eq. 44) into Eq.
(30), the extended Rayleigh criterion in a modified form becomes:
Q0
ρucpTu
pˆf Iˆ
T
2
cos θqp >
Aeβ
2
Ze
T
2
pˆe
2 (45)
or,
cos θqp >
Aeβ
2ρucpTur
2
p
ZeQ0
· pˆf
Iˆ
(46)
where rp is the ratio between the pressure fluctuations near the flame and at the exit, i.e.,
rp = pˆe/pˆf , which can be estimated based on the mode shape (Fig. 12). We note that the
right-hand side of Eq. (46) is always positive (> 0) and also that θqp > 0 as observed in the
experiment. Therefore, the following instability criterion can be derived
θqp < θc (47)
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where θc is defined as follows:
θc ≡ cos−1
(
Aeβ
2ρucpTur
2
p
ZeQ0
pˆf
Iˆ
)
. (48)
In Eq. (47), the critical phase θc indicates an upper bound of the phase θqp within which the
combustor can sustain the instabilities. We note that in Eq. (48), the values of ρu, cp, Q0
and Tu are determined given the inlet conditions, while the value of Ae is determined by the
geometry and the values of β and Ze are determined by the acoustic boundary condition of
the system. The values of pˆf , Iˆ and rp can be measured in the experiments (e.g., see Figs.
2, 5 and 12).
Here, we define an “extended Rayleigh index”, Re, as the phase between pressure and
heat release normalized by the critical phase θc, i.e., Re = θqp/θc. Then, Re takes a value
between 0 and 1 while the combustor is dynamically unstable, whereas the combustor is no
longer unstable in that mode if Re exceeds 1. In the next section, we estimate the value of
θc (and Re) using the dynamics data presented in Sections 3.1−3.2 and compare it with the
observed instability boundaries.
3.4.2. Application to the dynamics data
At each operating condition used in the experiment (for fixed φ, Tin, XH2), the value of
θc in Eq. (48) is calculated. Figure 14 shows the measured phase θqp (the same data shown
in Fig. 7) along with the estimated value of θc (shown in black squares), both plotted as a
function of the equivalence ratio for selected combination of the inlet temperature and fuel
composition. Overall, the estimated values of the critical phase θc − based on the acoustic
energy balance − are indeed smaller than pi/2 that is suggested by the classical Rayleigh
criterion. The phase θqp lies within the instability boundary (θqp < θc) while the combustor
exhibits the dynamic instabilities (in Mode III), in agreement with Eq. (47). Moreover,
in Mode IIIa, as θqp approaches θc, it drops to near zero, which marks the onset of Mode
IIIb. The results shown in Fig. 14 demonstrate that the extended Rayleigh criterion, which
accounts for the energy loss as well as the driving source term, indeed captures the observed
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instability boundary between dynamic modes.
We note that the instability boundary (θc) exhibits an abrupt jump across the mode
transition, while increasing with the equivalence ratio within a mode. The jump is attributed
to the distinct value of rp (the ratio between pressures at the flame and at the exit) for each
operating regime, which based on the corresponding mode shape, while the rise within each
mode is mainly attributed to the increase in the heating value Q0 and the chemiluminescence
intensity Iˆ at higher equivalence ratio.
In Fig. 15, we plot Re, the phase θqp normalized by θc, as a function of the density-
weighted flame speed S˜ (defined in Eq. 13) over the full range of operating conditions. The
collapse of the phase data (θqp) using the density-weighted flame speed was demonstrated in
Fig. 8. Here, we highlight the fact that the phase normalized by the instability boundary (θc)
that varies depending on the conditions are also collapsed using the flame speed parameter.
The combustor transitions to Mode IIIb approximately at Re ≈ 1 in Mode IIIa, at which the
normalized phase exhibits a discrete jump toward zero. In the new operating regime (Mode
IIIb), Re rises toward 1 as the flame speed parameter increases, at which the combustor will
no longer be able to sustain the instability in Mode IIIb. Figure 15 demonstrates that the
inequality in Eq. (47) (i.e., Re = θqp/θc < 1) serves as an instability criterion across the full
range of operating conditions, which quantifies the instability margin in a selected dynamic
mode.
4. Conclusions
In this study, we examined the dynamic mode transitions observed in a laboratory scale
backward-facing step combustor burning lean premixed, propane/hydrogen/air mixtures over
a range of mixture composition and inlet temperature. Depending on the operating pa-
rameters, the combustor exhibits distinct dynamic regimes characterized by the limit cycle
amplitudes and frequencies along with unique flame shapes. To further characterize the
combustor response within an operating regime, we determine the phase between pressure
and heat release rate (θqp) using simultaneous measurements of the dynamic pressure and
flame chemiluminescence over a range of conditions, which reflects the driving source of the
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instability. The results show that the phase θqp varies depending on the operating conditions
within a mode, while the frequency and amplitude of oscillations remain nearly constant,
suggesting that the phase may be used to quantify the state of the combustor within a dy-
namic mode. For fixed inlet temperature and fuel composition, the phase is near zero at
the onset of a dynamic mode, and gradually increases with the equivalence ratio within that
mode. As the phase approaches a critical value between pi/4 and pi/3, the combustor transi-
tions to another dynamic mode. Similar trends are observed for different inlet temperatures
and fuel compositions, while a critical equivalence ratio at which the transitions occur varies.
We show that the dependence of the phase θqp on the operating parameters can be scaled
such that it is a function of a normalized flame consumption speed alone.
The combustor operates in one dynamic mode until the operating conditions no longer
establish the requisite phase in the selected mode. We note that the critical phase at which
the combustor switches modes is not ∼ pi/2 as predicted by the classical Rayleigh criterion.
We show that this critical value of the phase can be predicted based on a linear acoustic
energy balance analysis, where energy flux across the system boundaries plays a dominant
role in determining the instability boundary. We introduce an extended Rayleigh index
(Re), i.e., the phase θqp normalized by the critical phase (θc), which defines the state of the
combustor along the characteristic curves (Re plotted as a function of S˜ or φ) such that the
combustor enters a dynamic mode at Re ≈ 0, and remains in that mode until Re approaches
1, at which the combustor transitions to a next dynamic mode.
The results presented in this paper have two implications. First, the flame speed plays
a significant role in the observed dynamic mode transitions, where its role in the instability
mechanism is pronounced by its impact on the variation of the phase between the pressure
and heat release, which quantifies the state of the combustor, i.e., whether it is close to the
stability boundary or not. Second, results suggest that an acoustic energy balance analysis
can provide critical values of the operating parameters at which the combustor exhibits
dynamic mode transitions.
The present analysis may be extended for applications to large-scale, practical combus-
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tors. We note however that there may be a number of issues that need to be addressed. For
example, in contrast to the instabilities presented in this paper, which are solely longitu-
dinal, practical gas turbine combustors may experience transverse and spinning azimuthal
modes. For the latter two modes, it remains to be seen if a closed form solution similar to
Eq. (48) can be derived. Two key assumptions used to derive Eq. (48) are that the flame is
localized in space and that the mode shape is constant in time. For transverse modes, the
former assumption may not hold and for the traveling modes, the latter assumption should
be modified.
For gas turbines of more complex geometries experiencing longitudinal instabilities, this
work demonstrates that acoustic losses, although small, need to be accounted for thoroughly.
In the present work, all the losses occur at the exhaust. For combustor-can like configura-
tions, losses through the numerous dilution holes for different turndown condition should be
taken into account.
Furthermore, the operating pressure and temperature in practical gas turbines may be
higher than those considered herein. The form of parameters used to evaluate critical condi-
tions at which the combustor becomes unstable or switches dynamic modes may be different
from those suggested in Eq. (48), e.g., depending on the boundary conditions as well as
geometrical parameters. Nevertheless, the present analysis suggests a framework that can
be used for predicting the onset of dynamics or mode-transitions.
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Figure 1: Schematic of the backward-facing step combustor with instrumentation.
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Figure 2: Overall sound pressure level as a function of equivalence ratio for a range of
propane/hydrogen mixture compositions (indicated by volume ratio) at the inlet tempera-
tures of (a) 300 K and (b) 500 K. The pressure is measured at 0.2 m upstream of the sudden
expansion. Re = 6500 for all cases.
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Figure 3: High-speed flame images with synchronized pressure measurements for each flame
mode. The operating conditions are Tin = 300 K, Re = 6500 for all the cases; (a) φ = 0.65,
(b) φ = 0.72 and (c) φ = 0.85 for a propane/air mixture. The time interval between the
frames is 6.4 ms.
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Figure 4: Frequency spectral maps of sound pressure level as a function of equivalence ratio
for different fuel compositions (volume ratio) and inlet temperatures: (a) propane/air flame
and (b) propane(50%)/hydrogen(50%)/air flame at Tin = 300 K; (c) propane/air flame and
(d) propane(50%)/hydrogen(50%)/air flame at Tin = 500 K. Re = 6500 for all cases.
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Figure 5: The normalized chemiluminescence intensity oscillations (Eq. 9) as a function
of equivalence ratio for a range of propane/hydrogen mixture compositions (indicated by
volume ratio) at (a) Tin = 300 K and (b) Tin = 500 K. Re = 6500 for all cases.
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Figure 6: The phase difference between the pressure and flame chemiluminescence intensity
(PMT signal) measurements plotted as a function of equivalence ratio, over a range of inlet
temperatures and fuel compositions (selected cases are shown) while the combustor exhibits
the dynamic instabilities in Mode IIIa and Mode IIIb. The dominant oscillating frequencies
are represented by a color shown in the side bar. The demarcation between the operating
regimes are represented by the vertical lines.
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Figure 7: The phase data θqp as a function of the equivalence ratio, over the full range of
inlet temperatures and fuel compositions.
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Figure 9: Schematic of the combustor geometry used in the acoustic model. The combustor
is divided into twelve regions, each of constant acoustic impedance and cross-sectional area.
One-dimensional acoustic waves propagate following the relations shown in Eqs. (14) and
(15). In each region, plane waves propagate in the upstream (P−i ) and downstream (P
+
i )
directions, except at the exit, where the transmitted wave (Ptr) does not reflect back. Exact
dimensions can be found in Section 2.1.
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Figure 10: Temperature variation in the burned region, at different axial locations in the
combustor. The blue circles (•) denote measurements, while the red solid line represents
a polynomial fit curve. The red squares () indicate the temperature in each block of the
combustor model shown in Fig. 9. The measurement conditions are Tin = 400 K; φ = 0.92;
Re = 6500.
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Figure 11: (a) The dependence of unstable frequencies on the coupling parameters n and τ ,
where θuq = ωτuq. For all points, the thermo-physical properties correspond to a propane/air
flame at Re = 6500, Tin = 300K, φ = 1 and a temperature gradient in the post-flame region
as plotted in Fig. 10. Symbols o, ,, and + represent n = 1, 0.8, 0.6, 0.4 and 0.2,
respectively; (b) The non-dimensionalized unstable frequencies for a range of n and τ at two
different inlet temperatures: red circles (o) represent Tin = 300 K and φ = 1; blue squares
() Tin = 400 K and φ = 0.92. For both conditions, Re = 6500 and the fuel is pure propane.
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Figure 12: The mode shapes as measured in the experiment (•) and computed by the
model (−) for (a) Mode IIIa at Tin = 300 K and φ = 0.85 and (b) Mode IIIb at Tin = 400
K and φ = 0.90. The values of n and θuq used for computing the mode shapes are (a) n =
1 and θuq = 4.16 (∼ 1.32pi) rad; (b) n = 1 and θuq = 3.36 (∼ 1.07pi) rad, which lead to the
unstable frequencies of (a) 38.72 Hz and (b) 81.4 Hz.
48
!"! !"!# !"!$ !"!% !"!& !"#
 '(((
 #(((
 !(((
(
!(((
#(((
'(((
)*+,-./0
1
2-
.3
4
0
 
 
("!$-+
("5%-+
#"(&-+
'"(6-+
$"!!-+
!"# !"#! !"## !"#$
 %&&&
 '&&&
 #&&&
&
#&&&
'&&&
%&&&
()*+,-./
0
1,
-2
3
/
 
 
&"!',*
&"4%,*
#"&5,*
$"&6,*
'"!!,*
!"#! !"## !"#$
 %&&
&
%&&
'()*+,-.
/
0+
,1
2
.
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Figure 13: Simultaneous pressure measurements, shown in time series, at five different axial
locations along the length of the combustor while the dynamic instabilities are observed in
(a) Mode IIIa (∼40 Hz) and (b) Mode IIIb (∼80 Hz). The operating conditions are (a) φ =
0.70 and (b) φ = 0.90, burning propane/air mixtures at Tin = 400 K and Re = 6500.
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Figure 14: Assessment of experimental data using an extended Rayleigh criterion shown
in Eq. (47). The selected cases of the phase data shown in Fig. 7 are presented, denoted
here by the colored markers (◦: Mode IIIa; 4: Mode IIIb). The dominant frequency is
represented by a color shown in the side bar. The black markers () indicate the critical
values of θc computed using Eq. (48), which is the upper bound of the phase beyond which
the combustor is no longer unstable in a selected mode.
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Figure 15: The normalized phase (Re = θqp/θc) over the entire range of operating condi-
tions, plotted as a function of the density-weighted flame speed parameter (defined in Eq.
13). The phase between pressure and heat release rate (the same data shown in Fig. 7) is
normalized by the critical phase defined in Eq. (48). The dominant oscillating frequencies
are indicated by a color shown in the side bar.
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